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ABSTRACT 

Let X and Y be Banach spaces. We consider the following problem: Given an 
almost isometry F from the unit ball of X into the unit ball of Y, does there 
exist an isometry near to F? It is shown that for X = Y = 11 the answer is 
negative. 

Let X, Y be Banach spaces and let BR(X) denote the ball with radius R and 

center 0 in X. We say that F is an e-almost isometry of  X if 

( l - e ) l lx , -x2U _--< IIF(xl)-Ffxgtl---<(l +e)llxl-X tl forallx X. 

We are interested to know whether an e-almost isometry of  the unit ball is 

near to an isometry of  the unit ball, or perhaps near to an isometry on a smaller 

ball. To be more precise we consider the following problem: 

Given R,  0 < R < l, is there a function ~(e) (depending on X, Yand R)  such 

that ~(t) ~ 0 when e ~ 0 and such that the following holds: Given e-almost 

isometry F : B ~ ( X ) ~ Y  there is an isometry G : B R ( X ) ~ Y  such that 

II F(x) -- G(x) I1 ---< a(e) on 
For linear maps a positive answer has been obtained for C(K)-spaces by 

Benyamini [2] and for Lp-spaces by Alspach [ 1 ]. 

For non4inear maps a positive answer has been obtained for C(K)- spaces, K 

compact metric, by the author [3]. 

In the view of these positive results it may be somewhat surprising that if  

X -- Y -- 1~ the answer is negative for every R,  0 < R < 1. More precisely we 

have the following theorem. 
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THEOREM 1. Let M be any number > 3. For every e > 0 there is an 

e-almost isometry F: Bl(l~)--" B~(lO such that for every isometry G defined on 
some subset of  l~ containing BeaM(It) into l~ we have II G(x) - F(x)  II ->-- 1/M~ 

for some x 6Bs/M(lO. 

The problem is still open for B~(lp), p > 1 and for BI(Lp), p >= 1. However,  

for X = Y -- (L~(0, 1) X R)~ the answer is negative and we have the following 

theorem. 

THEOREM 2. Let M be any number >= 3. For every e > 0 there is an 

e-almost isometry 

F" Bz((L~(0, I) X R)0---B,((L,(0, I) X R)0 

such that for every isometry G defined on some subset of (Lz(0, I) X R)~ 
containing Buu((L,(O, I) X R)I) into (L~(0, I) X R)~ we have 

II G(x) - F(x) II >-- I/2M~ for some xEB3/M((L~(O, I) X R)~). 

In(L,(O, I)XR)~ wehave ll(f,r)ll = llfllL,+ Irl. 

In the proof of Theorem I we will use the following lemma. It is well-known, 

but for the sake of completeness we include a proof. 

LEMMA I. Let M be a subset of It and let G: M--, I~ be an isometry with 
G(0) --- O. If x, y, x.+ y EM and x, y have disjoint supports then G(x) and 

G(y) liave disjoint supports. 

PROOF. Let G(x) = 7. a~ei, G(y) = Z b~ei, G(x +y) -- Y~ c~e~. Assume that 

an and b~: both are different from zero. Since 

Y-la~ - bj I = II G(x) - G(y) II = II x - y II = II x II + II Y II 

= 7-1a~l +ZIb~ l  

we see that  a~¢ and bM have opposite signs. 

We assume aN > 0. We have 

Ilxll  ÷ IIJ:ll = I I x ÷ Y l l  = I I G ( x ÷ Y )  II 

< II G(x + r) - G(x) II + II G(x) II = II r II + II x II. 

Since aM > 0 we see that c~ - aM >= 0 and hence cN > 0. 

On the other  hand we also have 

II G(x + r)  II ~ II G(x + e) - G(y) II + II G(y )  II = II x II + II Y II. 
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Since b~v < 0 we see that cN - bs < 0 and hence cN < 0, which gives a con- 

tradiction. 

REMARK. An easy consequence of  Lemma 1 is that if  G : BR(IO ~ BR(IO is 

an isometry with G(0 )=  0 and if x, y EBR/:(IO have disjoint supports, then 

G(x) and G(y) have disjoint supports. However, we cannot conclude that G 

maps elements with disjoint supports onto elements with disjoint supports on 

bigger balls that BR/2(/t). To show this we now give an example of  an isometry 

G: BR(I~)~BR(It) such that G(re~) and G(re2) do not have disjoint supports for 

r >R/2. 

Let a = Z~-i a~ e~ and define 

G(a) = ~ (G(a))iei 
i - I  

where 

al - R/2 

( G ( a ) ) , = l o ( a 2 - R / 2 )  

if at > R/2, 

if  a2 > R/2, 

otherwise; 

(G(a))2 = I R/2 
[a~ 

if at > R/2, 

otherwise; 

(G(a))3 = I R/2 

ta2 

if a2 > R/2, 

otherwise; 

(G(a))i = a~-i, i > 4. 

Let a = Za~e~, b = Zb~e~ ~BR(It). To see that G is an isometry, we only need to 

check by symmetry the cases: 

(a) a~, b~ < R/2, i = l, 2; 
(b) at > R/2; bt, b2 < R/2; 
(c) as, bl > R/2; 
(d) at, b2 > R/2. 

We check (d). Since at, b2 > R/2 we have 
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OQ 

+ ~ l a i - b i l  
i - 3  

= al - bl + b2 - a2 + ~, l at - bi l 
i - 3  

-- Ila - b  II. 

We can similarly check (a), (b) and (c). We have, for every r > R / 2 ,  

( G ( r e O ) l  = ( r  - R / 2 )  = - ( G ( r e 9 ) l .  

PROOF OF THEOREM 1. We assume e = l/n for some integer n and for a ~ li 

we define F1 and F2 by 

Fl(a)  = an+~ e et -- en+l , an+l >---- 0 
a +  M t - i  

and F2(a) = Xp_~ F2(ai ei) where 

[ a i e ~ + l + ~ ,  i < n and at <2/M, 

~(ai - 2 /M)e ,  + (2/M)e~+l+i ,  i < n and at > 2 / M ,  
F2(aiei) I / an+ten+~, i = n + 1, 

taten+~, i > n + 1. 

Let F = F~ o Fv The strategy for proving that F i s  an almost isometry of  B(13 is 

that the supports o fF (Zr -  t at ei) and F(an + ~e~ + ~) will only overlap for those i 
' " n for which at > 2 / M .  Since there are at most M / 2  such at s if  Y~_ t I a~ I < 1,  we 

never get a big overlap. 

To prove that F i s  far from an isometry we use Lemma 1. The overlap of  the 

supports in the definition ofF(an + le~ + 1) will make it impossible to be near to 

an isometry. We now give the details. 

For a ~ li let So = { 1, 2, . . . .  n } N supp(a). It is trivial to check that F2 is an 
into isometry with (F2(a))i > 0 for 1 -< i < n and that, if  [[ a II ---- 1, then 

card(Sr~ta)) < M / 2 .  

Hence, to prove that F is an almost isometry, one only needs to prove: 
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CLAIM. 

have  

PROOF. 

I f  eard(Sa), card(Sb) < M/2 and  a~, b~ > 0 for  1 < i < n,  then  we 

[[ a - b [] >_- ]l F~(a) - F~(b) ][ > (1 - e) [[ a - b II- 

We have  to cheek three  eases: 

(i) I f a . + ~ ,  b .+ ,  < 0 t hen  clearly II F~(a) - F~(b) II = II a - b II. 
(ii) I f  a .  +1 > b. +1 > 0 then  we have  

IIF,(a)-F,(b)ll = 7, e ( a . + , - b . + , ) l M  + ( l  - 1 / M ) ( a . + , - b . + , )  
{ I,...,n }\S, U Sb 

+ Y. (a~ + e ( a . + l - b . + O / M )  
S, k S, n Sb 

+ ~ Ib~-e(a,+~-b.+O/M[ 
S~ \ So n Sb 

oo 

+ Y. l a i - b i + e ( a . + l - b . + O / M I  + ]~ la~-b~l .  
$,nSb n+2 

By using the tr iangle inequa l i ty  (on the th i rd  and  four th  sum) and  since ne -- 1, 

card(Sb) < M/2 we see tha t  

II a - b II ~ II F~(a) - F,(b) II 

> I l a - b  ] [ - 2  Y . e ( a . + , - b . + , )  
Sb 

= II a - b II - 2e(card(Sn))(a.+l  - b.+s) 

> ( l - e ) ] l  a - b  II. 

(iii) I f  a .  +1 > 0 > b. +t then  we have  

II F,(a) - F,(b) II = Y. ea.+,/M + ((1 - l/M)a.+~ - b.+t) 
{I,...,nI\S, uSb 

+ Y. (ai+ea,+~/M)+ Y. Ib i -ea .+~/MI 
S, \ s ,  n Sb Sb XS, n Sb 

oo 

+ Y~ l a i - b , + e a . + ~ / M l +  Y. l a , - b i [ .  
S.nSb n+2 

By using the tr iangle inequal i ty  we see tha t  

I la-b  II > IIF,(a)-F,(b)ll > I la-b  I I - 2  Y~ea.+l/M 
s~ 
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->- II a - b II - 2ecard(So)(a,+~ - bn+l)/M > II a - b II (1 - e) 

since card(Sb) _-< M/2. 
Thus  we have proved that  F is an e-almost  isornetry. 

Now, let G be any isometry defined on a subset  o f  11 containing B6/u(ll). I f  

G(0) = 0 then, by Lemma 1, 

G(~/e) and G~_/ej) 

have disjoint  supports  if i ~ j .  Let 

I f S = { 1 , 2 , . . . , n }  then 

(G(3en+, l l  =0 for all i _- < n .  
\ kM / /  i 

Hence  

HF(3en+, )_G(3e~+t )  I > ~, 3t 3 

I f S  ÷ {1,2,...,n}, then for some i < n we have 

and therefore 

= M - . ~  

Now, i f 0  ~ II G(0) II N I / M  2 set H(x) = G(x) - G(O). Since H i s  an isometry 

with H(0)  = 0, f rom the calculation above we get for some i, i < n + 1, 

( ~ 1 )  ( ~ )  ( ~ e ) - F ( 3 e ' )  +IIG(O)''" 3 <_ H e~ - F  e~ < G 
g 2 -  - -  

Thus  

The remaining case II G(0) II > l/M2 is trivial. 
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This completes the proof of Theorem 1. 

Let F be an e-almost isometry defined on l~. Then the following problem is 
open: 

Given any R > 0, is there an isometry G defined on BR(I~) and a 6 = 6(e, R) 
such that 6 ~ 0  when e -'*0 and such that [[ G(x) - F(x) [I < 6 on BR(II)? 

Since constructions of e-almost isometries of the type used in the proof of 
Theorem 1 only work on bounded sets, the method in this paper seems to give 
no information on that question. 

The proof of Theorem 2 is similar to the proof of Theorem 1, but for the sake 
of completeness we include a proof. 

In the proof we will identify (L~(0, 1) X R)t with the space 

X = { f E L l ( 0 ,  2) : f m c  on [1, 2]} 

and use the following lemma. 

LEMMA 2. Let M be a subset of  L~(O, 2) and let G : M--L~(O, 2) be an 
isometry with G(O) = O. I f  f ,  g, f +  g E M  and {x : f (x)  ÷ 0} N {x: g(x) ~ 0} 
has measure zero then {x : G ( f ) ( x ) ,  0} A {x: G(g)(x) ~ 0} has measure 
zero. 

The proof is similar to the proof of Lemma 1 and we omit it. 

PROOF OF THEOREM 2. We assume e ---- 1/n for some integer n. 

LetfEB~(X) with f - -  a on [1, 2] and define F l ( f )  by 

F t ( f ) = f  i f a  < 0  

and if a > 0 we let 

I f ( x )  + 2a/M 

Fl( f)(x)  = I f ( x )  

[ ( 1  -- 1/M)a 

on [0, ½), 

on [½, 1), 

on [1, 2]. 

We define F2 on  B~(X) by 

sup{2(f(2x) - 2n/M), O} on [0, ½), 

F2(f)(x) = l inf{2f(2x - 1), 4n/M} on [½, 1), 
/ 

I f (x )  on [1, 2]. 

Now, let F = Fi ° F2 and let Sf -- {x E [0, ½]; f (x)  > 0}. One can easily check 
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that F2 is an into isometry. Moreover, we have F2(f) > 0 on [0, ½) and, since 
II f II --< 1, the measure of the set Sr~j0 is less than or equal to M/4n = tM/4. 

Thus, to prove that F is an almost isometry one only needs to prove: 

CLAIM. If m(Sf), m(Sg) < e.M/4 and f, g > 0 on [0, ½] then we have 

II f -  g II ->- II F,(f) - F,(g) II >-- (1 - e) II f -  g II. 

PROOF. Let f--- a, g = b on [1, 2]. We have to check three cases: 

(i) If a, b -_< 0 then clearly II F,(f )  - F~(g) II = II f -  g II. 
(ii) If  a > 0 > b then we have 

f[ (2a/M)dx + fsf, (f(x) + 2a/M)dx II E l ( f )  - -  El(g) II = o,,,2J\~,os,~ ~s, os,~ 

+ fs,\~sfns,) 12alM - g(x)l dx 

+ f I f ( x ) - g ( x )  + 2a/Mldx 
J sf ns, 

+ fttl/2,11 I f (x)-g(x) ldx  + ~,,21 ( ( 1 -  l /M)a-b)dx.  

By using the triangle inequality and the fact that m(Sg) _-< e.M/4 we see that 

f -  g II >-- II F~(f) -- F~(g) II ->- II f -  g II - 2 :s, (2a/M)dx II 

---- If f -  g II - 4am(Ss) /g  >-_ II f -  g II - e a  > II f -  g II (1 - e). 

(iii) If a ->__ b > 0 then we have 

II F~(f) - F l ( g  ) II = :lO, ll21\(S/uS,) 2(a -- b) /n  dx 

+ f (f(x) + 2(a - b)/M)dx 
J sf\ (s~ ss) 

+ f [g(x) - 2(a - b)/mldx 
Js. \(s:n s,) 

+ ~ "  I f (x) - g(x) + 2 ( a  - b)/Mldx 
J s: ns~ 

"{- ~[1,2,1] I f ( x ) -  g (x ) l dx  + fo,2l (1- l lM ) (a  - b)dx. 

By using the triangle inequality we see that 
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II f -  g II ~ II F l ( f )  -- F~(g) II 

>= II f  - g  II - 2 5s  2(a - b ) / M d x  

--- II f -  g II - 4(a - b)m(Sg)/M 

>- IIf-g II -e (a  - b )  

I I f  - g l l ( 1 - e ) .  

Thus we have proved that F is an e-almost  isometry. 

Now, let G'B6/M(X)--'B(X) be an isometry and 

1, 2 . . . .  , n be defined by 

and let 

f (x )={3on/M 

f .  + ~(x) = [0' 
[ 3/M, 

i f ( / -  1)/n =< x =< i/n 

otherwise 

0 ~ x < l  

l ~ x ~ 2 .  

let f~B3/M(X), i = 

m({x" G(f ) (x)  ~ O} O {x:  G(f j ) (x)  # 0}) = 0 

[i ;n] a, = {x.  c ( f ) ( x )  ÷ o} n - 2-n ' ' 

N = {i <-_ n" m(A,) >= 1/4n}. 

I f  N ÷ {1, 2 , . . . ,  n} then for some i ___< n we have m(A;) < 1/4n and hence 

we get 

II G(f , )  - F ( f , )  II >= r I G(f,.)(x) - F( f ) ( x ) ldx  
J t  (i - l)12n,il2n]kA~ 

= ~ [ ( i  - l)12n,il2nl\A, 2nM dx 

i f i  ~ j ,  i , j < n + l .  

i = l ,  . . . .  n 

and set 

Set 

Then F(f ) (x )  = 2n/M on [(i - 1)/2n, i/2n] and F ( f .  + J (x )  -- 6 /M 2 on [0, ½). 

We first assume that G(0) = 0. Then by  L e m m a  2 we have 
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2n 1 1 

M 4n 2 M  

Let 

Bi = fx: G(f~+l)(x) # O} tq [i -1 2n] 
~n ' ' 

i = l , . . . , n .  

I f N  = { 1, 2 . . . . .  n } then by L e m m a  2 we have that m(Bi)  <- 1/4n for all i _-< n. 

Therefore  we get 

>-~i~_l~[(i_l)/2n,i/2n]\Bi62 dx 

6 1 3 
>--n . . . . . .  

M 2 4n 2 M  2 

Now,  i f 0  < II G(0) II --< 1/2M~ set H ( f )  - G ( f )  - G(0). Since H :  BrIM(X)--" 
B ( X )  is an isometry with H(0)  = 0, f rom the calculation above we have that 

Hence we get 

II H(f) -- F(f) II >-- 
3 

2 M  2 
for some f E B3/M(X). 

II G(f) - F(f) II >-- 
3 1 

2 M  2 - {{ G(0){{ _-> M 2 

The remaining case I[ G(0) II > 1/2M2 is trivial. 

With  this the p roof  o f  Theorem 2 is complete• 
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